In this paper we consider the following nonlinear subelliptic Dirichlet problem:
where ⊂ R n is a bounded domain and X = {X  , . . . , X m } (m ≤ n) is a system of smooth vector fields in R n with globally Lipschitz coefficients satisfying the Hörmander's condition and X * = (X *  , . . . , X * m ) is a family of operators formal adjoint to X j in L  .
In this work we are concerned with the boundary value problem for (.) with the boundary condition u -u  ∈ W 
for a.e. x ∈ R n , u ∈ R and ξ ∈ R m . Here p ≥ , α, β are positive constants.
A function u ∈ W ,r
X ( ) (r < p) is called a very weak solution to (.) if

A(x, u, Xu) · Xϕ dx + B(x, u, Xu)ϕ dx =  (.)
holds for all ϕ ∈ C ∞  ( ). In the above definition, the very weak means the integrable exponent is strictly lower than the natural exponent p and if r = p, this is the classical definition of weak solution to (.).
To get our result, some regularity assumption introduced in [] should be imposed on . Let us first recall the notion of uniform (X, p)-fatness which can be found in [] : A set E ⊂ R n is called uniformly (X, p)-fat if there exist constants C  , R  >  such that for all x ∈ ∂E and  < R < R  , where cap p is the variational p-capacity defined in Section . We consider the following hypotheses on :
Under the hypotheses stated above, we prove the following.
The key technical tool in proving Theorem . is a Sobolev type inequality with a capacity term. With it we can prove a reverse Hölder inequality for the generalized gradient Xu of a very weak solution, which allows us to get the global higher integrability of Xu. This paper is organized as follows. In Section  we collect some known results on CarnotCarathéodory spaces and prove a Sobolev type inequality characterized by capacity. Section  is devoted to the proof of Theorem ..
Some known results and a Sobolev type inequality
Let {X  , . . . , X m } be a system of C ∞ -smooth vector fields in R n (n ≥ ) satisfying Hörman-der's condition (see [] ):
The generalized gradient is denoted by Xu = (X  u, . . . , X m u) and its length is given by
An absolutely continuous curve γ : [a, b] → R n is said to be admissible with respect to the is a metric space which is called the Carnot-Carathéodory space associated with the system {X  , . . . , X m }. The ball is denoted by 
for any x ∈ and  < R ≤  diam .
Here, |B(x, R)| denotes the Lebesgue measure of B(x, R). The best constant C d in (.) is called the doubling constant, the measure such that (.) holds is called a doubling measure and the homogeneous dimension relative to is Q = log  C d .
Given  ≤ p < ∞, we define the Sobolev space W
endowed with the norm
Here, X j u is the distributional derivative of u ∈ L  loc ( ) given by the identity
The space W
X, ( ). The following Sobolev-Poincaré inequalities can be found in [] and []:
Lemma . Let Q be the homogeneous dimension relative to
Next we recall a Gehring lemma on the metric measure space (Y , d, μ), where d is a metric and μ is a doubling measure. 
then there exist nonnegative constants
For the Hardy-Littlewood maximal functions
we will use the following properties proved in [] and [] .
Moreover, for any B
It is worth noting that from Lemma . and Lemma . we can infer that, for a.e. x ∈ B and u ∈ W
Let ω(x) ≥  be a locally integrable function, we say that ω ∈ A p ,  < p < ∞, if there exists some positive constant A such that
if and only if
there exists a constant C >  such that
The (X, p)-capacity of a compact set K ⊂ in is defined by
and for an arbitrary set E ⊂ , the (X, p)-capacity of E is
We will use the following two-sided estimate of (X, p)-capacity in []: For x ∈ and  < R < diam , there exist C  , C  >  such that
The uniform (X, q)-fatness also implies uniform (X, p)-fatness for all p ≥ q, which is a simple consequence of Hölder's and Young's inequality. At the end of this section we prove a Sobolev type inequality characterized by capacity. A similar inequality in the Euclidean setting can be found in [] . 
where
Proof 
and then
Then Lemma . and (.) lead to
where in the last step we used the estimate
The proof is complete.
Proof of Theorem 1.1
Assume that the function u ∈ W
) is a very weak solution to the Dirichlet problem (.). Choose a ball B  such that ⊂   B  and let B be a ball of radius R with B ⊂ B  for fixed  < R < . There are two cases: (i) B ⊂ or (ii) B\ = ∅. In the case (i), the following estimate has been proved in []:
When B\ = ∅, a similar inequality (see (.) below) will be achieved.
Step . Let η be a smooth cut-off function on B, i.e. η ∈ C ∞  (B) such that  ≤ η ≤ , η =  on B and |Xη| ≤ c/R.
Defineû = η(u -u  ) and
We conclude from Lemma . and the assumption (H  ) thatû is Lipschitz continuous on
and y ∈ R n \ . Sinceû is zero on R n \ , it follows that
and then, from assumption (H  ) and Lemma .,
Therefore, we have by (.) and (.)
It follows thatû is a Lipschitz function on E μ ∪ (R n \ ) with the Lipschitz constant cC  μ. 
In fact, let D = B ∩ and x ∈ R n \(B ∩ ), we have by Lemma . that
where |B | > |B|, C d is the doubling constant. Setting Noting that v μ =û on (B ∩ ) ∩ E μ and that suppû ⊂ D, we have by the structure conditions on A(x, u, ξ ) and B(x, u, ξ )
where in the last inequality we use the fact that |Xv μ | ≤ cμ, |v μ | ≤ cRμ (see [] ). Multiplying both sides of (.) by μ -(+δ) and integrating over (μ  , ∞), we get
Interchanging the order of integration and applying (.), we have
Using Lemma . and Lemma ., we have
On the other hand, by Lemma . and assumption (H  ), there exists δ  such that if  < δ < δ  , R n \ is uniformly (X, p -δ)-fat, and hence
From (.) and the doubling condition, we derive
and then (.) becomes
As regards the estimation of L, by changing the order of integration, we have
Step . Next, we will estimate I i (i = , , ) one by one. Now for estimation of I  . To this end, define the sets
and B = B ∩ . Thus
Since (M|Xû|) -δ ≤ |Xû| -δ a.e., it follows from (.) and (.) that
Since the function (M|Xû|) -δ is an A p -weight, we obtain from Lemma . that
By the doubling condition and Lemma . we see that, for x ∈ B  ∩ ,
where max{, (p -δ) * } < s < p -δ is such that R n \ is uniformly (X, s )-fat and the last inequality comes from an argument similar to (.).
To continue, we define
So from (.) we see that M|Xû| ≤ cM B |X(u -u  )| on G, and then
Using the fact Xû = X(u -u  ) on B and Young's inequality, we have
Next from the definition of D  and Lemma ., we see
For I  , we have by using
Using Young's inequality and (.), we get
By the definition of D  and noting that
Finally, by Young's inequality, 
where the proof of the last inequality is similar to (.). Therefore, 
